Bovine spongiform encephalopathy, otherwise known as mad cow disease, can spread when an individual cow consumes feed containing the infected tissues of another individual, forming a one-species feedback loop. Such feedback is the primary means of transmission for BSE during epidemic conditions. Following outbreaks in the European Union and elsewhere, many governments enacted legislation designed to limit the spread of such diseases via elimination or reduction of one-species feedback loops in agricultural systems. However, two-species feedback loops-those in which infectious material from one-species is consumed by a secondary species whose tissue is then consumed by the first species-were not universally prohibited and have not been studied before. Here we present a basic ecological disease model which examines the rôle feedback loops may play in the spread of BSE and related diseases. Our model shows that there are critical thresholds between the infection's expansion and decrease related to the lifespan of the hosts, the growth rate of the prions, and the amount of prions circulating between hosts. The ecological disease dynamics can be intrinsically oscillatory, having outbreaks as well as refractory periods which can make it appear that the disease is under control while it is still increasing. We show that non-susceptible species that have been intentionally inserted into a feedback loop to stop the spread of disease do not, strictly by themselves, guarantee its control, though they may give that appearance by increasing the refractory period of an epidemic's oscillations. We suggest ways in which age-related dynamics and cross-species coupling should be considered in continuing evaluations aimed at maintaining a safe food supply.
It can be transmitted when a non-infected individual consumes prion-containing tissues from an infected individual. [Cummins et al., 2001; Wilesmith et al., 1992] In the late stages of the incubation period, the brain and spinal cord are known to have especially high levels of prions; prions are also known to be present in the peripheral nervous system and ileum, but to a lesser extent. [Arnold et al., 2009; Masujin et al., 2007; Wells et al., 1998] Consider a hypothetical disease limited to vertebrates and transmitted when a susceptible individual consumes tissues from an infected one. The spread of the disease is normally self-limiting. Prey are consumed by predators, predators become prey, and the disease propagates along the food chain until non-susceptible invertebrate decomposers take charge.
Suppose, however, that the trophic structure is not a simple food chain, but rather a food web containing a feedback loop connecting two or more vertebrate species. For example, if a scavenger and predator species are trophically linked such that individual scavengers consume some dead predators, and living predators occasionally kill and consume the scavengers, then the dynamics are wholly different. The spread of the disease can progress cyclically around the feedback loop, limited not by the number of links in the chain but only by the size of the vertebrate populations.
Feedback loops can occur not just in nature, but also in agriculture. Livestock fed restricted diets often need food supplements, such as additional protein. Soybean meal can be used for this, but animal-derived protein is another source. Because large numbers of animals are slaughtered daily, and because not all of the slaughter is marketable to humans, a fraction remains. This fraction represents a prodigious quantity of material-up to 24 million tons or more per year in the U.S. alone [Kirstein, 1999] -that can be rendered into a diet supplement for livestock called meat-and-bone meal, among other names. Livestock may also be fed animal byproducts such as poultry litter. For example, in 2003, the state of Florida produced one million tons of poultry litter, 350,000 of which were available for use in feed. [Sapkota et al., 2007] TSEs are known to spread among livestock such as cows [Prusiner, 1997; Nathanson et al., 1997; Wilesmith et al., 1988; Wells et al., 2007] and sheep [Detweiler and Baylis, 2003 ] when their feed is contaminated with infected tissues. To combat such spread, many countries have enacted legislation restricting what may be fed to susceptible species by either eliminating feedback loops altogether or prohibiting one-species feedback loops. Two-species loops are not, however, universally prohibited.
Our model considers a form of feedback in which prions are amplified in one species and then fed to a secondary species in which they may or may not be decreased before being fed back to the first species.
Although the disease is also thought to propagate via direct maternal transmission Wilesmith et al., 1997] and via cross-contamination of feed [Abrial et al., 2005; Wilesmith, 1996b,a] , the former, if it occurs, does so only at levels insufficient to maintain an epidemic [Donnelly et al., 2002; Wilesmith et al., 2010] whereas the latter has been heavily regulated. Feedback through consumption of infected tissues is the primary means of BSE transmission during epidemic conditions [Cummins et al., 2001 ], so it seems worthwhile to consider this in the context of a two-species loop. This is especially so given that regulations prohibiting single-species cattle loops have created interest in making up the difference by sourcing protein from other species. [Jenkins, 2006] In the two-species feedback loops we consider, infectious material passes through a secondary species.
In the worst-case scenario, the secondary species becomes infected and actively contributes to the growth of the disease, but it is not necessary that infection occur. There is also the possibility that the secondary species harbours infectious material for either long or short periods without ever developing symptoms.
Although it is not known whether the disease has transmitted in this way, it represents a possible means which has not been universally prohibited nor, to the best of our knowledge, considered by prior studies.
Methods of analysis.
The aim of our model is to examine population dynamics and feedback loops under the most basic conditions, applying the simplest feasible model in order to expose underlying theoretical patterns and the relative importance of parameters in one-and two-species loops. Previous models have focused on different questions such as quantifying the real world risk of human and cattle exposure during and following the UK epidemic [Ferguson et al., 1999; Cohen et al., 2001 Cohen et al., , 2004 Cohen, 2006] , the dynamics of the UK epidemic Thornley and France, 2008] , or the spread of BSE in the cells of a single individual [Nowak et al., 1998; Kellershohn and Laurent, 2001] .
Instead of tracking the number of hosts that are infected, susceptible, and resistant, as is common in ecological disease models, this model simplifies that structure by tracking the total quantity of disease agents (prions in this case) resident within each host species, treating the hosts merely as an environment in which the disease exists.
Because the conditions which could lead to an epidemic are of primary interest, the model focuses on the early growth phase of the potential epidemic, when the disease would still be spreading undetected and mitigation measures would not be in effect. Individuals are not clearly symptomatic and, therefore, are neither being culled nor dying.
Although individual animals' susceptibility may vary, the model focuses on a subpopulation wherein all members are susceptible, and equally so. For simplicity, the model also assumes-as may be the case in an agricultural setting-that the lifespan of all hosts is artificially limited to a fixed number of years, that the size of the population is held constant, and that all individuals in an age-class are treated equally.
One-species model. The tightest possible feedback loop occurs when individual animals ingest tissues or byproducts of their own species, a practice which led to the spread of BSE in the United Kingdom and elsewhere. [Wilesmith et al., 1988 [Wilesmith et al., , 1992 We show that for such a loop, there are critical combinations of lifespan, infectivity, and feedback below which the number of infections in a population will decrease with time and eventually vanish, and above which the infection will expand epidemically.
The model uses three parameters per species, x i , c i , and R. The net total prion level of all animals in the herd in their ith year of life, at the beginning of that year, is represented by x i . The prions are amplified in infected tissue by a factor of R in each time unit. Upon slaughter, some fraction c i of the tissues from the oldest age class is fed back and incorporated into the tissues of the younger age class i. This term also incorporates the probability of infection, which relates to the infectivity of the prions, dose size, and heterogeneity of consumption.
In the model, the lifespan of the species is n years. In the United States and the United Kingdom, the lifespan of most beef cattle is held close to 2-3 years, with breeding and dairy cattle living an average of 5-7 years, but with a minority of cattle living up to 16 years. [Donnelly et al., 2002; USDA, 2006] The model could also be arranged to include the effects of slaughtering younger age-classes and feeding them back. However, this would mean that fewer prions would make it to older age-classes leading to slower growth of the disease. The more conservative formulation of the system we examine here assumes that all members of a species make it to the same (old) age. This maximizes amplification resulting in stronger conclusions concerning the efficacy of control measures.
For cattle, the consumption of even very small amounts of infectious tissue is sufficient to spread the disease: Wells et al. [2007] experimentally determined that 50% of cattle would be clinically affected by a dose of 0.20g, with no evidence for a minimum dose. Here we arbitrarily seed our model with a "prion level" of 1. Despite the disease's infectivity, clinical signs take an extended period to present themselves: the incubation period in cattle is approximately 3-5 years. ] Nowak et al. [1998 suggest on theoretical grounds that within an individual the disease's amplification is a trade-off between the linear growth of prion aggregates and exponential growth caused by the fracturing of these aggregates, while Arnold et al. [2009] experimentally determined that the disease had a doubling time of 1.2 months in the central nervous system. This implies an exponential growth rate of R = 3 per year, which we adopt here.
Given the foregoing, if an age-class is a year long, the number of prions in each age-class in the next time unit is approximated by the following dynamical system.
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The behavior of the system is governed by the eigenvalues of its characteristic polynomial
In the discrete-time formulation of Equation 1, the quantity of prions, x i , in each age-class will tend to . Note that lifespan acts as a threshold on the spread of the disease: for the longer-lived animals (top graph) the disease spreads epidemically because the height of the peaks increases over time, but for animals living just one year less (bottom graph), the peaks decrease until the disease vanishes. Note also the presence of outbreaks and the relation of their period to the lifespan. (R = 3, c 1 = 0.01, c i =1 = 0, x 1,t=1 = 1.0, 10 time steps/year: smooth growth is assumed within each year with the prion level sampled 10 times per year to produce the figure. ) increase in the population if the absolute value of any eigenvalue λ of the matrix M n is greater than 1. In contrast, if the absolute values of all the eigenvalues are less than 1, the quantity of prions will tend towards zero.
Therefore, the dividing line between expansion of the disease and its extinction occurs where λ = 1.
Under this condition, the characteristic polynomial takes the form
In the simplest case, all the feedback fractions c i are zero except for one, c k . This represents a situation in which animal protein supplements are given to each animal for one year only, year k. For instance, if k = 3, then animals are fed supplements only in their third year of life, beginning at age 2 and ending just before age 3, as dairy cattle might be fed during their prime lactation period. In such a case, Equation 3 simplifies so that the threshold of age occurs where
If the lifespan, n, of the animals is short-less than the term to the right of the equal sign in Equation 4-the disease dies out. If n is larger, the disease can spread. Figure 1 shows an example of disease dynamics on both sides of the threshold, using the same initial conditions and parameters, but with differing lifespans.
However, Equation 3 is general and can be solved to find a critical threshold for any given set of parameters. Two-species feedback loop. If the one-step feedback loop for a long-lived Species L is broken by interposing a short-lived Species S-as in the cow-pig-cow loop permitted by current U.S. regulations-the mathematics is similar to the one-species model above, but employs two embedded submatrices, one for each species, coupled by the cross-feeding between the species. For example, if one species lives for three years and the other for five, the matrix has the form
Here, dashes (-) are the same as zeros, placed for readability. Components x 1,2,3 represent the prion levels in the three age-classes of short-lived Species S, while components y 1,2,...,5 represent the prion levels in the five age-classes of longer-lived Species L. R S and R L generalize the amplification rate of the one-species case, as described above. The portion of prions fed from the oldest age-class of one species to a particular age-class i of the other is encapsulated in parameters b i and c i , along with the probability of infection. More generally, it can be shown that the characteristic polynomial of the generalized two-species system with eigenvalue λ = 1 takes the form
where m is the lifespan of the short-lived species, R S is the amplification factor of that species, b i represents the infectivity of the prions and the dose being fed back from a susceptible long-lived species, and the other variables are as before. From this it follows that the two-species system has a critical threshold for every combination of amplification, feedback, and lifespan. The United States regulatory structure does not prohibit a two-species loop in which ruminant protein is fed to pigs, horses, or poultry and their protein subsequently back to ruminants. Above, it was shown that the two-species model has critical thresholds beyond which the disease may expand in both the short-and long-lived species, with the longer-lived species establishing and maintaining the infection. The risk of this occurring in our model may be assessed by considering the sensitivity of the disease's spread to variation in its amplification rate, the amount of infectious material fed back through a loop, when this feedback occurs, and the induced lifespans of the species involved.
In the one-species loop, for small values of c, the threshold of Equation 3 is approximated by considering only the terms corresponding to the lowest age-class with a non-zero c value; this results in Equation 4. Figure 3a shows the sensitivity of the threshold to variation in the first age-class' feedback amount c 1 and implies that even a feedback value as low as 1% is sufficient to drive epidemic expansion for moderate amplification values in populations maintained at 4-5 years (R = {5, 3}, respectively). In contrast, for populations maintained at two years-as is the case with much of the U.S. herd [USDA, 2006] -effective separation can prevent epidemic growth for a range of amplification values in this model, provided materials from older age-classes can reliably be kept separate. Figure 3b shows the sensitivity of the threshold to variation in the age at which supplemental feeding begins, or, along the other axis, to variation in the induced lifespan. Increasing the age of initial feeding ) shows the sensitivity of the single-species loop to variation in k, the initial age at which infected material is fed back, assuming that R = 3. (c) shows the sensitivity of the two-species loop described by Equation 7 assuming a worst case wherein feed flows from the oldest age-class of the susceptible species to the oldest age-class of the nonsusceptible species and, from there, back to the youngest age-class of the susceptible species. The feedback from the susceptible to the non-susceptible species is set at bm = 0.001 and the amplification rate of the short-lived species is set at R S = 1. The sensitivity graphs of the two-species loop are overlaid on the sensitivity graphs of the single-species loop.
or decreasing the induced lifespan prove to be the most effective ways to reduce the growth of the disease, yielding a linear response across all values. In contrast, varying the feedback amount c requires exponentially more effort to achieve increasing levels of safety.
In a two-species feedback loop, the threshold is given by solving Equation 6. If the feedback values are relatively small, then the system's behavior is dominated by the youngest age-class of the susceptible species and the oldest age-class of the non-susceptible species to receive infectious material. This configuration is also the minimal level of intercession for a secondary species in this model and, as such, is the worst case; other configurations will result in slower growth of the disease. In this scenario, the threshold is approximated by Figure 3c shows the sensitivity of the two-species loop to variation in c 1 , the feedback from the nonsusceptible to the susceptible species. Feedback from the susceptible to the non-susceptible species is assumed to be small due to mandated separation of specified high-risk materials, and further reduced by an "interspecies barrier" to transmission. [Wells et al., 2003] Once in the secondary species, the scenario depicted in this figure assumes that the prion level remains constant (R S = 1) and that the prions are introduced only in the non-susceptible species' final year of life. This limiting case favors the growth of the disease, yet even so, for low feedback values the age threshold is elevated to twice that of the single-species loop, or more.
In summary, effective separation in a single-species loop is useful in reducing the possibility of growth, but does not eliminate it; thorough separation prior to feedback between two species is much more effective.
The distribution of ages in the U.S. herd is markedly weighted towards younger animals, with sharp dropoffs in population levels following both the first and second year in both the beef and dairy herds. [USDA, 2006] If all animals fed supplements draw from a common pool, this implies that the majority of infectious material ends up in short loops where the infection is not sustainable, provided there is efficient separation of infectious materials from carcasses. This would reduce the possibility of epidemic expansion in both the one-and two-species loops.
Similarly, the dose size any given animal receives is related to the homogeneity with which infectious material is mixed with non-infectious material in the feed production process. Higher degrees of homogeneity will correspond to smaller values of c and b.
It is important to note that the dynamics of the two-species loop do not depend on the secondary species actually contracting the disease, a possibility that is still hypothetical in the cow-pig-cow loop. The sole demand is that the disease be resident long enough for the secondary species to be fed back to the first. It is possible that a secondary species could consume and passively carry infectious material for long periods without ever metabolizing it or developing visible symptoms (R S = 1), as can be the case with heavy metals.
The infectious material may also degrade in the secondary species (R S < 1), or be present only present for the amount of time it takes it to pass through the secondary species' gastrointestinal tract (R S ≈ 1, b ≈ 0).
Both In the more general scenario of contaminated materials being fed back to multiple age-classes, cycles are still present but become increasingly dispersed over time, as shown in Figure 4 . The more age-classes which are simultaneously exposed to the infection, the greater this dispersion is. Still, in a relatively-regimented situation such as is depicted in the figure, the behavior of the system is dominated by the youngest age-class of the susceptible species and the oldest age-class of the non-susceptible species to be fed contaminated material and the peaks of the cycles remain roughly the same initially, as Equation 6 suggests.
A lesson to be drawn from the single-species example is that, if a species never develops a transmissible spongiform encephalopathy or related disease, it may be that (1) the species is not susceptible to such diseases-that is, prions cannot be amplified within its tissues and disease symptoms do not manifest themselves; (2) the species does not interact with prions, though the possibility of the prions being absorbed and passively carried remains; (3) that the species is indeed susceptible, but that the induced lifespan is below the threshold, so the disease will not spread widely and will never be manifest in detectable quantities;
or, (4) that the amount of material being fed between age-classes is so small as to prevent the disease from Although one of the species is non-susceptible, the disease spreads through both. Infectious material is fed to multiple age-classes of both species. The cyclic fluctuations and cycle period shown in Figure 2 remain, but become increasingly dispersed and complex as the disease spreads to more and more age-classes. (Rs = 0.7, growing.
The emergence of BSE among cows may have started from a rare event, but ultimately it was the dynamics of the feeding system which allowed the disease to spread. Similar diseases may exist for other species but, for the above reasons, have not yet and may never emerge. Similarly, if a two-species system never exhibits such diseases it is not necessarily because the system is protective in an absolute sense, but that it is not conducive to spread and amplification.
Conclusions. The thoughts presented here show that it is mathematically possible for cross-species feedback to spread BSE and related diseases through a susceptible population of animals, even though a species that does not exhibit susceptibility is interposed to break the feedback loop. In the process, the nonsusceptible animals could actually be contaminated with the disease, albeit at lower levels. The consequences are more than an economic issue, for humans are believed to be susceptible to the disease and may contract it by ingesting infected meat. The result is called (new) variant Creutzfeldt-Jakob disease (nvCJD). [Hill et al., 1997; Scott et al., 1999; Prusiner, 1997] In the case of agricultural livestock, the maximal solution is to eliminate all use of animal byproducts in livestock feed, similar to European regulations. Short of that, the minimal safe solution is to impose lifespan limits or reduce feedback below critical thresholds, thereby driving the disease to extinction even if it occasionally gets reintroduced.
The following steps are indicated by this study as possible ways to help push the system below these thresholds: (1) That animals symptomatic for the disease be prohibited in animal food supplements, though this really goes without saying. (2) That older animals, which will have experienced the most amplification, be eliminated from animal food supplements. Insofar as separation procedures are effective, our model shows that two-species loops reduce risk but cannot be absolutely guaranteed to eliminate it, though adverse effects in our model generally arise only for what seem to be large parameter values. However, until these systems are well-understood, prudence requires that potential feedback loops be sought out and closely scrutinized. Lessons should be drawn from all sources, including these and other models of disease dynamics, for guidance in the on-going evaluation of regulations surrounding this class of diseases.
